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2019 AB 
AP Calculus Free-Response 

Solutions and Notes 
 
Question AB-1  
 

(a)  
5

0
E t dt  . 1  153 fish entered the lake from midnight to 5 A.M. 153.4577

 

(b)  
5

0

1

5
L t dt   fish per hour. 1 6.059

 

(c)  The number of fish in the lake is given by , where 

 is the number of fish in the lake a midnight.  Solving 

gives 

      0 0

t
F t F E u L u du  

0F

F t      0E t L t   6.20356t   hours.  Let b = 6.20356. 2 The 

function  is continuous on  F t 0 t 8  , so, by the Extreme Value Theorem,  F t  

must have an absolute maximum on 0 t 8  , and this maximum can only occur at 
an endpoint or a critical point. 3      00 ,F F   F b 0 135.0149F  , and 

 .  The greatest number of fish in the lake occurs at t = 6.204 

hours after midnight. 

 8 0 80.920F F

 
(d) The rate of change of the number of fish in the lake is     F t E t L t    , and this 

rate of change is changing at the rate of      L tF t E t    .  At 5 A.M., 

 , so the rate of change is decreasing.  5F  –10.723 0 
 
 Notes: 
 
1. Use the given name for the rate function in your setup, rather than copying its 

definition.  This is faster and avoids transcription errors.  Also, define the functions 
in your calculator, and use the calculator's names for subsequent computations. 

2. Store this intermediate result in a calculator variable and use that variable when 
evaluating the integral later. 

3. This level of detail in a justification of an absolute extremum has not been required 
on past AP exams.  However, the recent emphasis on verifying that the hypothesis of 
a theorem is satisfied would seem to require here the assertion that the function F is 
continuous.  Otherwise, the Extreme Value Theorem would not apply and the 
candidate test could not be used. 
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4 FREE-RESPONSE SOLUTIONS ~ 2019 AB 

Question AB-2 
 
(a)  Pv t  is differentiable and therefore continuous on  0.3, 2.8 .  Since 

   2.8 0.3 55 55 0
2.8 0.3 2.5

P Pv v 
 


, the Mean Value Theorem guarantees that there is 

at least one t in the open interval  0.3, 2.8  such that   0Pv t  . 1  
 

(b) The trapezoidal sum is 55 0 29 55 55 290.3 1.4 1.1 40.75
2 2 2
                  

     
. 2  

 
(c)   60Qv t    1.8662, 3.5192t .  Let a = 1.8662 and b = 3.5192. 3  The 

distance traveled by particle Q on this time interval is  
b

Qa
v t dt  106.109  

meters. 
 
(d)   At t = 2.8, particle Q has position  

2.8

0
90 45.9377.Qv t dt     

Since particle P 

started at the origin, its approximate position at t = 2.8 is given by the result of 

Part (b), 55 0 29 55 55 290.3 1.4 1.1 40.75
2 2 2
                  

     
.  So, the particles 

are 45.9377 40.75  meters apart. 4 
 
 Notes: 
 
1. Recent emphasis on asserting that the hypothesis of a theorem is satisfied when a 

theorem is applied in a justification requires the mention of the continuity of  pv t . 

2. In general, there is no need to evaluate such expressions, but here the number will be 
used in Part (d). 

3. Store these numbers in calculator variables using the full precision of the calculator. 
4. We could just copy the formula from Part (b) here instead of 40.75, but then we 

would need to take the absolute value of the difference, to be on the safe side.  Either 
way, there is no need to calculate the difference.  The distance is about 5.188. 

 
 



 FREE-RESPONSE SOLUTIONS ~ 2019 AB 5 

Question AB-3 
 

(a) 
 

     
5 2 5

6 6 2
f x dx f x dx f x dx



  
      

2

6

9
7 2 9

4
f x dx





          


 

 
2

6

9
4

4
f x dx




  . 

 

(b)           5 5

33
2 4 2 4 2 5 20 2 3 12f x dx f x x f f        

 
 8 2 3 2 2 5f   . 

 
(c) Since g is continuous, the Extreme Value Theorem applies to g on  .  Since f 

is continuous, the Fundamental Theorem applies to g and 

2, 5

 g x   f x . 1   The 

absolute maximum value of g on the interval must occur at an endpoint or an 
interior critical point.   

 
 x g(x) 

–2 0 

–1 
1

2
 

1

2
 

1

4
  

5 
9

11
4


  

 

 The absolute maximum value of g is 
9

11
4


 . 

 

(d)   The function  
 

   
10 3

arctan

x f x

f x x


  

is continuous at x = 1, so 

 
   1

10 3 10 3 2
lim

arctan 1 arctan(1)

x

x

f x

f x x

  


 
. 2  
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 Notes: 
 
1. Here again, this level of rigor has not been required in the past on problems like this.  

However, both the Fundamental Theorem and the Extreme Value Theorem are 
needed for this justification, so it is prudent to assert that the hypothesis of each is 
true. 

2. You can leave it at that.  arctan(1)
4


 , of course.  It is not equal to 1, so the 

denominator of the fraction is not 0. 
 
 
Question AB-4 
 

(a) 
10

dV dh
V h

dt dt
h

      .  At h =4, 
5

dV

dt


   cubic feet per second.  

 

(b) 
2

2

1 1 1 1 1

10 10 2002 20

d h dh
h

dt dth h

                
.  Since 

2

2
0

d h

dt


 
for all t, the 

rate of change of the height of the water is increasing when the height is 3 feet. 

 

(c) 1/21 1
2

10 10 10

dh t
dt h dh dt h C

h
          .  Since 

 0 5, 2 5h C   and  5
20

t
h   .  So  

2

5
20

t
h t    

 
. 1  

 
 Notes: 
 

1. The domain of h is 0 20t  5 , since the model doesn’t apply once the tank is 
empty. 

 
 



 FREE-RESPONSE SOLUTIONS ~ 2019 AB 7 

Question AB-5 
 

(a) Area =       
2 2 2

0 0
6 2 1 3cos 2

2

x
h x g x dx x dx

              
   

 

 
2

3

0

1 6
6 2 sin 2

3 2

x x
x x




              
 

 
 

2
3

0

2 6 2
8 1 sin 16 0

3 2 3

x
x x




                      

2

3




. 1 

 

 (b) Volume =      
2 2

00

1
ln 3 ln 5 ln 3

3
dx x

x
   

 . 

 
(c) Each cross section is a “washer” with outer radius  6 g x

  
 and inner radius 

.  The volume is  6 h x    2 2
h x dx

2

0
6 6g x   . 

 
 Notes: 
 

1. This simplifies to 
44

3
, but the simplification is not required for full credit. 
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Question AB-6 
 

(a)   22
3

h  , the slope of the given tangent line at x = 2. 

 

(b)         3 2 23 9 2 24 36 4
3

a x x h x x h x a           . 1   

 
(c)  Since  

2
lim
x

h x


 can be evaluated using L'Hospital's Rule and 2 4 0x    when x = 2, 

it must be true that    3

2
lim 1 0
x

f x


  .  Since f is differentiable, f must be 

continuous, and    3
1 f x  is also continuous.  So,    3

1 2 0f   and 

 2 1f  . Since h is differentiable, it is continuous, and    
2

lim 2 4
x

h x h


  .  

Applying L'Hospital's Rule, we get 
       

2

3 22 2

4 2lim lim
1 3x x

x x
f x f x f x 




 
.  Since 

f   is differentiable, it is also continuous, and 

      2 22

2 4lim 4
3 1 23x

x
ff x f x

 
  

.  Therefore,   12
3

f    . 

 
(d) We know that      2 2 2g k h  , so  4 2 4k   and  2 4k  .  Functions g and 

h are both continuous, so    
2 2

lim lim 4
x x

g x h x
 

  .  By the Squeeze Theorem, 

 
2

lim 4
x

k x


 . Since    
2

lim 2
x

k x k


 , k is continuous at x = 2. 

 
 Notes: 
 
1. This simplifies 160, but the simplification is not required for full credit.  
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2019 BC 
AP Calculus Free-Response 

Solutions and Notes 
 
Question BC-1 
 
See as AB Question 1. 
 
 
Question BC-2 
 

(a) Area =     2 2 2

0 0

1 1 9 sin
2 2

r d d
 

       3.534 . 1 

 

(b) The average distance is  
0

1 r d


 
   1.580 . 

 

(c)       arctan 2 2

0 0

1 1
2 4

m
r d r d


     . 2 

 

(d)     /2 2

0

1lim
2k

A k r d


 


   3.324 . 


 Notes: 
 
1. Since you'll need it in several parts of the problem, enter the function  r   into your 

calculator, and use the stored function name for the calculations. 
 

2. Or       
 

arctan 2 2

0 arctan

1 1
2 2

m

m
r d r d


     . 

 
 
 
Question BC-3 
 
See AB Question 3. 
 
 



10 FREE-RESPONSE SOLUTIONS ~ 2019 BC 

Question BC-4 
 
See AB Question 4. 
 
 
 
Question BC-5 
 

(a)  
 22

2 2
2
xf x

x x k

  
 

.  Since  0 6f   , 2
2 16

3
k

k
   . 

 

(b) 
  

1 1

20 0

1 1
2 8 4 2

dx dx
x x x x


     .  We use partial fractions to find an antiderivative: 

      1 1 2 4
4 2 4 2

A B A x B x
x x x x

        
   

.  Let x = 4  1
6

A  .  Let x 

= –2  1
6

B    .  So, 
  

1 1

20 0

1 1
2 8 4 2

dx dx
x x x x

 
    

 

   1
1

0
0

ln 21 1 1 1 ln 4 ln 2
6 4 2 6 6

dx x x
x x

           . 

 

(c) 
 

   
2 2 22 2

220 0 01 1

1 1 lim 1 lim 1
2 1 1

a

ba b
dx dx x dx x dx

x x x  

 

 
    

        

2

1 10

1 1lim lim
1 1

a

a b bx x  

    
           

 
1 1

1 1lim 1 lim 1
1 1a ba b  

              
.  The limits do not exist so 

the integral diverges. 
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Question BC-6 
 
(a) From the tangent line,  0 3f   and  0 2f     .  The third degree Taylor polynomial for 

f at x = 0 is 2 33 233 2
2 12

x x x   . 

 

(b) The first three terms of the Maclaurin series for xe  are 211
2

x x  .  The Taylor series for 

 xe f x  is 2 2 2 2 21 3 3 31 ... 3 2 ... 3 2 3 2 ...
2 2 2 2

x x x x x x x x x                
    

23 ...x x    , so the second degree Taylor polynomial for  xe f x  is 23 x x  . 
 

(c)   2 3 2 3 4

0

3 23 1 233 2 3
2 12 2 48

x
h x t t t dt x x x x         

  , so   1 231 3 1
2 48

h     . 1 

 

(d)   1 231 3 1
2 48

h     .  The first omitted term in the series for h is 
51 4

0

54 54 1 9 0.45
4! 24 5 20

t dt     , and this is a bound on the error. 

 
 Notes: 
 

1. This is 97
48

, but the given answer is sufficient for full credit. 

 
 
 




