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2007 AB

AP Calculus Free-Response
Solutions and Notes

Question 1

Solving 1202 =2, thegraphsintersect at x=-3 and x=3.
+ X

(@ Area= [ 2 2 dxB~37.962.7
=31+ X
320 L, oo
= — ~ . .
(b) Volume j3 7] 2 dx 28 ~1871.190
- + X
20 Y
2
(© Volume=Z["|1+X__ | dx"*5~174.268.
233 2

[J Notes:
1. Useyour calculator to evaluate the integrals, don’t bother trying to antidifferentiate.
2. Using washers

20
1+ x

— 2 isthe diameter of the semicircle.

2
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Question 2

Let V(t) be the amount of water in the tank at t hours.

@

(b)

(©)

[7(t) dt B ~8264 gallons

V'(t)= f(t)-g(t) for 0<t<3 and 3<t<7.”% From the graphsof f(t) and g(t)
and the given intersection points, V'(t) = f (t) - g(t) <Owhen O0<t <1.617 and

3<t<5.076. Therefore, V(t) isdecreasingon 0<t<1.617 and 3<t <5.076."2

V(t) isdecreasing on [0, 1.617] and [3, 5.076] (see Part (b)). Itisincreasing on
[1.617, 3] and [5.076, 7], because V'(t) = f (t) — g(t) > 0 inside these intervals.
Therefore, V(t) can reachits global maximumonly at t=0, t=3,0r t=7.

V(0) =5000; V(3) =5000+ j 03 f(t)—250 dt B ~5126.591;
V(7)) =V + j 37 f(t)—2000 dt B ~ 4513.806. The global maximum is approximately
5127 gallons 3 at t = 3.

Notes:

1.

Don’t worry about the physics of it — you can waste alot of time. The model is
good enough for the situation where someone “pulled a plug” very quickly at t =3,
causing ajump in the rate of change of V(t). V(t) itself remains continuous.

Y ou might be wondering: How can we say that V(t) isdecreasing at t =3 when
V'(t) isundefined at t =37 Well, we are not saying that. What we are saying is that
V(t) isdecreasing on the interval [3, 5.076], which means that for any t, and t,, such
that 3<t <t, <5.076, V(t,) <V(t). Itisnot clear at this point whether O<t <1.617
and 3<t<5.076 (open intervals) will get full credit.

Be attentive to the units.
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Question 3

@ h(1)="f(g(1))-6=1(-6=9-6=3.
h(3)=f(9(3))-6=f(4)-6=-1-6=-7. hisdifferentiable for all real numbers
and, therefore, continuouson [1, 3]. h(1) > —5> h(3), therefore, by the
Intermediate Vaue Theorem, there must exist anumber r on (1, 3) such that

h(r)=-5.

(b) hisdifferentiableon [1, 3]. Therefore, by the Mean Value Theorem there must exist
h(3)-h(1) -7-3
3-1 2

anumber c such that 1<c<3 and h(c)= -5.

(c) W(x):.[lg(x) f(t)dt = w(x)=f(g(x))-g'(x) =
w(3)=f(9(3)g'(d = (-D)2=-2.

@d 9(1)=2= g*(2)=1. %(g‘l(x)) =g’tl)=%'

X=2

An equation of thetangent lineat x=2 is y:1+é(x—2) 2

] Notes:

1. Applying the chain rule

2. O y—lzé(x—Z)
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Question 4

(@ x(t)=e'sint, 0<t<2z
X(t)=e"'cost—e"sint= e (cost—sint)
5Y/4

For O<t<27z, X(t) changesfrom negative to positive[le only at t:Z , SO x(t) has

alocal minimum only at tz%r. Comparing the values x(0) =0,

/4 S 2 L
X i =e* | —— |, and x(27)=0, we conclude that the particle is farthest to
Y4

theleft 2 at t = >~ .
4
(b) X'(t)=e"(-sint—cost)—-e"(cost—sint)=—2e" cost

A(—Ze‘t cost)+e“(cost—sint)+e“sint=0 = e'cost(-2A+1)=0 =

-2A+1=0 = A:%'

Notes:

1. You might want to sketch the graphs of cost and sint on [0,27] to seethat.

2. Thatis, x(t) isthesmallest.
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Question 5

@

(b)

(©)

(d)

r(5)=30 and r'(5) =2, so thetangent lineto the graph of y=r(t) at t=5is
y=30+2(x—5). When x=54, y=30+2(5.4-5)=30+0.8=30.8. So

r (5.4) ~ 30.8. Sincethe graph of r is concave down, the tangent line is above the
graph, so the estimate is greater than the actual value of r(5.4).

dv _d (4

L (3mr)-am S
dt  dt\3 dt
dv

dt

= 47 -30%- 2.0 f¥minute.

t=5

Right Riemann sum approximation of I szr'(t) dt is
2:40+3-20+212+4:06+1:05.”" [ "r'(t)dt=r(12)-r(0) givesthe net

changein the radius of the balloon (in feet) from t =0 minutesto t =12 minutes.

Since the graph of r is concave down, r’ (t) iIsdecreasing. Therefore, aright
Riemann sum approximation is less than the integral.

Notes:

1.

No need to simplify the answer.
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Question 6

b f'(1)=0= g—1=o = k=2

When k=2, f"(1)=—%+1>0,sof has arelative minimum at x=1.

(c) For xtobean inflection poi nt we need
2

f"(x)=0 = ——— -0 > X—g—ﬂ :(EJ and k>0."? For the

4\/_3x K

=
4 4\°
inflection point to be on the x-axis, we need f E =k- ——In k =0=>

2
In (EJ =4:>In(4j 2:>ﬂ—e :k—iz.m
k k k e

] Notes:
1. Because x>0.

2. An aternative solution:

KX —Inx=0= k= "X
J— ~ . 4
K 1 = Inx=4 = x=¢€" = k=—
+—2:O:> k:— €
axE x Jx
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AP Calculus Free-Response
Solutions and Notes

Question 1

See AB Question 1.

Question 2

See AB Question 2.
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Question 3
(& Areaof R=
13(2)° #13(3+2¢0s6)’ - (2)
J«Z /3( ) d9+j4 /3( + ) d9+I2 ( ) dg:
0 2 2713 2 4rl3 2
2
dr ee(8+20080) 4 4T g 103707
3 27/3 2 3
0 -9 ogng. when9=%, &~ _ogn[Z |- 3.
da déo 3 dt 3

At thistime, the particle is getting closer to the origin (r is decreasing).

() y=rsind=(3+2cosh)-sinf = %:(3+2cos€)-cos€+sin9-(—23in0).DZ

2
At Gzz,thisis [3+2-1j-£—2 ﬁ :2—§:1. The y-coordinate of the
3 2) 2 2 2 2
particle isincreasing, so the particle is moving up.

[ Notes:

2 2
zﬂlsﬂdeJrJ.ﬁ (3+2co0sb) o
2 2713 2

0

1. Or usethe symmetry: Areaof R= 2{[

2. Youdon't have to calculate the symbolic derivative: you can find it at & :%

numerically on your calculator.
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Question 4

(@ f'(e)=¢€’. Tangentlineat thepoint (e 2) is y—2=¢€*(x—e).

(b) f'(x)=x*Inx isincreasing on theinterval 1< x< 3, because both x* and Inx are
positive and increasing on that interval. Therefore, the graph of f isconcave up.

(© f()=[f"(x)ax=]x"Inxdx"

=Ex3|nx—J‘Ex3-1 dx:lxslnx—l.[xzdx=lx3lnx—lx3+C.
3 X 3 3 9

fe=2= f(x)=lx3lnx—£x3—}e3+—e3+2.
3 9 3 9

] Notes:

1. By parts

Question 5

See AB Question 5.
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Question 6
) (], () T
(@) 1+(—x2)+ + + ot Fo= - (D" 4.
2! 3! n! 2 6 n!
4 6
) 13|12+ 5 Xy
o X0 2 6
NG 6
—-——+ + 2
lim—2 2 =lim —1+—+ =—l.
x—0 X x—0 2 2
X ) X 4 6 3 5 7 )
(© I e’ dt:I yTE L VR M. S S Illze“ d~i-llm
0 0 2 6 3 10 42 0 2 38

(d When x= % , the seriesin Part (c) is alternating with decreasing absolute values of

terms, and the n-th term approaches 0 as n — «. By the alternating series error
bound, the magnitude of the error using the first two termsis less than the third

o1 (1Y 1 . 1
non-zero term, whichis —-| = | =——, whichislessthan —.
10 \ 2 320 200

[ Notes:

1. Do not simplify.
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AP Calculus Free-Response
Solutions and Notes

Question 1

Theliney = 2 intersects the graph of y=e** at x = 0.446057 and x = 1.553943.

Let a=0.446057 and b = 1.553943.”% Theliney = 1 intersects the graph at x = 0 and
ax=2.

@ A= b(e2 ~2) dx B~0514."

b) A :joz(ew ~1) dx- A, = B~1546.

2

(© V= 72"[:(62)(sz —1) (2-2)" dx.

Notes:

1. Storetheintersection pointsin calculator variables and use those variables when
calculating the integrals. See Be Prepared, page 256.

2. Savetheresult, before rounding, in your calculator — for Part (b).

3. Alternative solution: since the curve is symmetrical about thelinex =1,
A =2 (€ ~1) dx+(b-a)(2-1).

13



14 FREE-RESPONSE SOLUTIONS ~ 2007 AB (FORM B)

Question 2

(@) Accelerationis a(t)=V'(t). So a(3)=V'(3) & ~ 546771
(b) Total distance traveledis [ [v(t)| ot B ~1.702.

3
(© x(3)= x(O)JrIO v(u) du B ~5.774.

(d) Theposition of the particle at timetis given by x(t)=x(0) + I; v(u) du.

The rightmost position can occur at atime when the velocity changes sign from
positive to negative, t = J7z or t=+/37 , or a one of the endpoints of the time
interval, t=0 or t=+/57 . Evaluating x(t) at these points gives x(0) =5,

x(\/;) =5.895, x(\/g) =5.788, and x(\/@) =5.752 . Therightmost position of

the particleoccurs at t = Jr.

Notes:

1. Or,if you use symbolic differentiation, 6cos(9) — then you can leave your answer
in thisform.
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Question 3

(8 W’(20) B~-0.286 °F/mph. When the air temperatureis 32 °F and the wind
velocity is 20 mph, the wind chill is decreasing at the rate of 0.286 °F/mph.

W(60)-W (5
(b) Averagerate of change of Wis ( 6) ( ) B ~-0.254 °F/mph.
Solving W' (V) =-0.254 gives v~ 23.011 mph.™

dW _dw dv

_—— =-221.0.16v°%%.5
dt dv dt

(©)
dw

At t=3, v=20+3-5=35 mph, and o =(-22.1)-0.16-(35°*)-5 °F/hour .

t=3
] Notes:

1. Theexistence of such value of v is guaranteed by the Mean Value Theorem.
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Question 4

(@ x=-3and x=4,since f’ changessign from positive to negative at these points.

(b) x=-4, x=-1,and x=2, since f' changesfrom increasing to decreasing at
x=-4 and x=2 and changes from decreasing to increasing at x=-1.

(c) Slopeispositive on the graph of f when f' ispositive. The graph of f is concave
up when f' isincreasing. These two conditions are met for —-5< x <-4 and

1< x< 2.

() F(x)=3+[ (1)
f could have its absolute minimum at the endpoints, x=-5 and x=5, orat x=1,
where f' changes sign from negative to positive. From the graph of f',

f(—5):3+27z—%mand f(5)=55. f(1)=3. Theabsolute minimumis3.

Notes:

1. Weintegrate from x = 1, so an areafor x < 1 is entered with the opposite sign.
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Question 5
@
Y,
//2/ /
\.\_1_/
AN .
A O 1> X

d’y 1 dy 1 1 1 1
by —S==+—==+=X+y-l==X+y——
()dx22dx22y2y2
2
(;¥>O,andthegraph of the solution is concave up.
X

If y>1—1x,then
2 2

y>%—%x describes half-plane above the line yzé—lx.

2
2
(c) x:Oandyzl,soﬂ:l-Ojtl—l:O. At this point, d ¥:1+ﬂ:£>0
dx 2 dx= 2 dx 2

By the second derivative test, f has arelative minimum at this point.

(d) If y=mx+b,then %:m. If thisisasolution, then
X

m=%x+ mx+b-1= (%+ m]x+ b—1. For theseto be equal on someinterval, we

must have%er:O and b—-1=m. Thus, m:—% and b:%.




18 FREE-RESPONSE SOLUTIONS ~ 2007 AB (FORM B)

Question 6

(@ Sinceitisdifferentiable, f must also be continuous. The Mean Vaue Theorem
applied to f on [2, 5] guarantees the existence of cin (0, 5) such that

o1

®  g(x)=1(F(0) F(x), % g(2)=1(f(2)-1(2)='(5) 1'(2) and
§(5)=1'(1(5)-1'(5)=1'(2)- 1'(5). Thus g'(2)=g'(5).

Since g is the composition of twice-differentiable functions, g’ must be continuous

on [2, 5] and differentiable on (2, 5). The Mean Vaue Theorem appliedto g’ on
"(5)-0'(2

[2, 5] guarantees the existence of kin (2, 5) such that g" (k)= % =0

=-1.

because g'(2)=g'(5).

(o If f”(x):O for al x, then f' must be aconstant and f must be alinear function.
Let f(x)=mx+b. Then g(x)=m:(mx+b)+b isasolinear,and g"(x)=0 for
al x"* Thus, g" never changes sign, and the graph of g has no points of inflection.

(d) h(5)=f(5)-5=-3 and h(2)=f(2)-2=3. Sincehisthe difference of two

continuous functions, it is continuous. Since -3 < 0 < 3, by the Intermediate Value
Theorem, thereisanumber r in (2, 5) such that h(r)=0.

] Notes:

1. Alternative solution:

g'(x)='(£(x)-f'(x) = g"(x)= (£ (x)-[ £ ()] + £ (£(x) £"(x). If

£"(x) =0 for al x, then g"(x) =0 for al x.
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AP Calculus Free-Response
Solutions and Notes

Question 1

See AB Question 1.

Question 2

(@ Speedatt=4is \/(%j +(ﬂj

dt

= \/[arctan(gjjz +(In(27))" .

t=4

2
(b) Distancetraveled = J.:\/[arctan[lt?j} +(|n(t2+1))2 dt B ~ 6.423.

4dx 4 t
© x(4)=x0+] o d=3+ | ) arctan(mj dt 8 ~—0.892.
dy

+  In(t?+1
(d) % = % = (—t) =2 whenB t ~1.357663 2~ 1.358. At thistime, the
X =2 arctan (j
dt 1+t

2 2
acceleration vector is a = d—;( d 2/
dt®  dt

B ~(0.135, 0.955).

t=1.357663

Notes:
1. Youcanleaveit at that.

2. Storethisresult in your calculator.

Question 3

See AB Question 3.




20 FREE-RESPONSE SOLUTIONS ~ 2007 BC (FORM B)

Question 4

See AB Question 4.

Question 5

d’y dy
=34+2—=L=3+2(3Xx+2y+1)=6x+4y+5
dx? dx ( y+1) y

(@

(b) % = M-+ re” =3x+ 2(Mx+b+ €™ )+1= 20+ 1+ (3+ 2m) x+ 2.

X
Equating the coefficients of the liketermsweget 2=r, 3+2m=0, and
2b+1l=m = r=2, m:—E, b:—§.Dl

2 4
1 1 7 :
() x=0andy,=-2. f(Ejz—2+(3-0+2-(—2)+1)-§:—§. Using (— ——

f (1) z—g+(3-%+2-(—gj+l}% 2

(d) Startingwith x, =0, y, =k andusing Ax=1, we get
f(1) ~k+(3-0+2-k+1)-1=3k+1. ForthistobeO0, k:—%.

Notes:

1. Thisassumes r = 0. Another possible solutionis r =0, m:—g, b:—%.

2. (1= —?, but you don’t have to simplify.
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Question 6

(@

(b)

(©)

By substitution into the seriesfor €*, the Taylor Seriesis

o GLGIL G

+ + .ot +..|=
2! 3! n!
2 3 6(—x n
6—-2X+ ox” _ _6x +..+ ( ) +...
9.21 27.3 3"-n!
3 4 6(-1)" x"*
Integrating termwise gives C + 6x— X° + o __6x +...+L+
27-2! 108-3! 3" (n+1)!
6x°  6x' 6(-1)" x"*

g(0)=0 = C=0 = g(X)=6x-x*+

- .t +
27-2 10831 " 3 (n+1)!

h(x) = e and f '(ax) = 6(_%j e /3 _ —2e‘ax’3, 0 e = ke ™® —

a=-3 and kz—l.
2




