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2006 AB

AP Calculus Free-Response
Solutions and Notes

Question 1

Solving Inx=x—2, the graphsintersect at x = .158594 and x = 3.146193. Let
a=.158594 and b = 3.146193."*

(@ A= Inx-(x-2)cx B~1949."
(b) V. =z] (3+Inx)’ ~(3+x-2) cx B ~34.199."2
(c) By“washers’: V,, j (y+2)° )2 dy;

by “shells’: V,_, = zﬁja x(In x—(x—2))dx

[ Notes:

1. Storetheintersection pointsin calculator variables and use those variables when
calculating the integrals. See Be Prepared, page 256.

2. Useyour calculator to evaluate the integrals; don’'t bother trying to antidifferentiate.
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Question 2

@ [ L(t)dt~1657.8237 = 1658 cars.
0

(b) Solving L(t) =150 givesB t, #12.42831 and t, = 16.121657 i Average value of
L on the closed interval [t,, t,] is ﬁ I :2 L(t)dt B ~199.426 cars per hour. 2
2~ hTt

(¢) Thenumber of carsturning left for 14<t <16 hoursis J' 1146 L(t)dt B ~412.266
cars. 412.266-500 = 206133 > 200000. So, yes, atraffic light is needed.

Notes:

1. Storet, and t, in calculator variables and use those variables when calculating the
integrals.

2. Beattentiveto the units.

Question 3

@ 9@=[; 1Od=-1+4=3; g = 1(H=0; (N~ () -"—=-2.

(b) By the Fundamental Theorem of Calculus, g'(x) = f (x) . From the graph of f, we
seethat g'(x) changessign from negative to positive at x = 1. Therefore, g hasa
relative minimum at x = 1.

(© 9(10)=[ f(t)dt=[ f(t)dt+][  f(t)dt=2+2=4.
0(108)=21[ f (t)dt+ [ f (t)dt=21-2+2=44.
g'(108) = f (108) = f (21-5+3) =  (3) =2.

The tangent line equation is y—44=2(x—108).
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Question 4

(8) Average acceleration = % = ;é feet per second per second.”’

(b) L:)Ov(t) dt isthe net change in height of the rocket in feet from t = 10 seconds to

t=70seconds. [ v(t)dt~22-20+35-20+44-20 = 2020 feet.

(c) For Rocket A, v(80) = 49 ft/sec. For rocket B, a(t)=V/'(t) and v(0)=2 s0

2+I \/7

Rocket B istraveling faster.

v(80) =2+ a(t)dt = —° dt=2+ 6\/t+1‘ =2+ (54—6) =50 ft/sec =

[J Notes:
1. Or ft/sec?.
Question 5
(@
Y,
\ o/

(b)
dy_1+y

dx X -[1+ y
A=¢€“. y(-1) =1 we have to choose the negative signand A=2 =

j— = In[l+y|=In|x+C = y+1=+Ax, where

y+1=-2X = y=-2x-1. Since% has a discontinuity at x = O, the domain
X

isx<0.
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Question 6

@ dgdx¥=a™+f'(x) = d@Q=a+f'(0)=a-4.
g'(x)=a’*™+1"(x) = ¢"(0)=a’+f"(0)=a’+3.

(b)  h(0)=cos(0)f(0)=2. h'(x)=-ksin(kx) f (x) +cos(kx) f'(x) =
h'(0) = —ksin(0) f (0) + cos(0) f'(0) = f'(0) =—4. An equation for the tangent line
tothegraphof hatx=0is y—2=-4x.
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AP Calculus Free-Response
Solutions and Notes

Question 1

See AB Question 1.

Question 2

See AB Question 2.
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Question 3

dt?’ dt?
Speed att = 2is [V(2)|~|(0.81734, 0.8889)| ~1.208.

@ a(t)z(dzx dzy] = 84(2)~(0.396, —0.741).™

(b) If thetangent lineisvertical, we must have

%:O = arcsin(l—Ze“):O — t=In2."2
dt
(©
4t
1+13 -
m(t) = = limm()=0.
0 arcsin(1-2e™) arm o)
. OOdy _ w 4t (3
(d) c—y(2)+_[zadt_—3+'[21+t3dt.

Notes:

1. No need to do symbolic differentiation — use your calculator.

2. Or use equation solver on your calculator: t ~0.693.

3. Sincewe aretold ahorizontal asymptote exists, it is sufficient to just write the
answer. Ingenera, if we were asked to show that a horizontal asymptote exists, we
would need to show that !imx(t) =00 and !im y(t)=c (or ItinT”lx(t) =00 and

ItinT1 y(t) =c for someT).

Question 4

See AB Question 4.
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Question 5
@ ¥ _s5-%_¢
X[ (_y g —6
2 2
d 2’=10x+6(y—2)72ﬂ = d_z/ :—10+6-i-6:—9.
d dx dx 36

(-1-4)

(b) No. Onthex-axis,y:O,so%:Sx2+3> 0. Butif y=0isatangent, then we
must haveﬂzo.
dx
9 2
(© T, :—4+6(x+1)—§(x+1) :
1 1
(d At x=-1, y=—4,ands|ope:6:>x1=—§, yl:—4+6~§=—1. Here,
slope = E—£=E. y2=—1+§-1=§. Thus, f(O)zgDl
4 -3 4 4 2 8 8
Notes:

1. Ordraw andfill atable:

Point O Point 1 Point 2
X -1 -05 0
y - _av6.1o1 e BL5
4 2 8
m=5x2—i 6 §_£:§
y—2 4 -3 4
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Question 6

(n+1)x™*

(@ Ratiotest: lim|—N*2 k
el X n%‘ n+2  nx

n+1

(GG VY

At x=-1 theseriesis ZL,Which diverges because lim—" 0. At x=1 the
~n+1 e n+1

series diverges because |imM¢ 0.72 Theinterval of convergenceis—1<x< 1.

oo N+l
(b) y(©0=f'(0)-90 =—%—(—%J=o. y"(0) = £"(0)-g"(0) =§—%=§-

y hasarelative minimum at x =0 since y'(0) =0 and y"(0) > 0.
Notes:

1. Don'tforget the limit and the absolute values.

2. Theendpoints must be tested since we are asked for the interval of convergence, not
just the radius.
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AP Calculus Free-Response

Solutions and Notes
Question 1

Solving f(x)=0 = x=-1.37312. Let a=-1.37312.""
(@ A= f(xdxB~2903."

() V, ,=x] (2+f(x)"-2°dx B=59.361."2
(¢ f(©)=3and f’(O)z—% = an equation for thetangent lineat x=0is
y=—%x+3. The graph of f intersects this tangent lineat x =0, and again at B

x=338987. A= ;(—%X-i- 3 f (x))dx, where b = 3.38987.

] Notes:

1. Storetheintersection pointsin calculator variables and use those variables when
calculating the integrals. See Be Prepared, page 256.

2. Useyour calculator to evaluate the integrals; don’'t bother trying to antidifferentiate.

11
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Question 2

(& Thegraph of fisconcave down ontheinterval 1.7 <x<1.9since f' isdecreasing
on that interval.

(b) By the Fundamental Theorem of Calculus, f(x)=5+ j OX f'(t)dt. fcanhavean

absolute maximum either at one of the endpoints or where f'(x) changesfrom
positive to negative, at B x~1.77245. f(0)=5; f(3)~5.579;
f (1.77245) ~ 5.679. f hasan absolute maximum at x = 1.772.

(c0 f(2)=5.623 and f'(2) ~-.459. An equation for thetangent lineat x=2is
y =5.623-.459(x—2) .

Question 3

(@ f'(x)=2ax. f(4)=16a=1and f'(4)=8a=1 = 16a=28a, whichisimpossible
for a=0.

() g'(x)=3cx-=~. g(4)=64c-1=1 = c=+ . Substituting cin g’ gives
8 32

(4)=—-42-Z=1.
g() 32 8
3., x Xx(3 4 : : .
C "X)=—XxX"—=—==| =x-1|. d'(X)<0 for 0<x<— = gisnot increasin
()9()32 88[4 jg() 3 =9 g
between x = 0 and x = 4.
@ =21 k=g veo="" & ="M g
k ' k k 4" '
k =4*=256. Thus h(x)—X—4 and h’(x)—4—)(3—x—3 Property (i): h(0) =0 and
' 256 256 64 '

h'(0) =0. Property (iii): Since h'(x) > 0 for x>0, hisincreasing between x = 0 and
X=4.
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Question 4
3-15 , . : a1
a f'(22) = = -3 calories per minute per minute.
@ f@)=2 p p
: . 15-9 3
(b) For 4<t<24,thegreatest rate of increase of fis =5 For O<t<4,
f’(t):—%t2+3t and f”(t):—gt+3. f"(2)=0 and f" changessign from

positive to negative there, so f' hasamaximum at t = 2. f’(2):3>g =

fisincreasing at its greatest rate at t = 2.
(c) Total number of caloriesburned fromt=6tot=18is
18 12 16 18
j6 f(t)dt:jG f(t)dt+j12 f(t)dt+_[16 f(t)ydt= 9-6+
54+48+30=132.

1549 4. 15.0-2

(d) The existing setting burns an average of % =11 calories per minute. To increase

that to 15 calories per minute requires c = 4.
Notes:
1. Or calories/minute’.

2. You could leave the answer in this form for Part (c) — no need to simplify — but
you need that number for Part (d).
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Question 5
€Y
Yy
1
N,
-1 O 1\ x
A
(b) c=1

(c) (y—1)72ﬂ=cos(7zx) = I(y—l)_zdy:jms(ﬁx)dx =

-1* -)*

(y-1) :ls-n(ﬂ'X)-i-C. Yy =0 = (0-Y) zlsin(fz)+C = C=1.Thus,
-1 pia -1 T
1\

T I Y E Sy T SRR
Loz “sin(zx)+1 “sin(zx)+1

T T
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Question 6

(@ I ;O|v(t)| dt isthetotal distancein feet traveled by the car from t = 30 seconds to
t =60 seconds. The trapezoida approximation to thisintegral is

14;10-5+ 1°2+° 15+ 9710 10 feet™ = 60+ 75+ 50 =185 feet.

(b) I; "a(t)dt = I OSOV’(t) dt = v(30) —v(0) = 14— (—20) = 6 ft/sec. Thisisthe net

change in velocity in feet per second of the car fromt = 0 secondsto t = 30 seconds.

(c) Yes. viscontinuouswith v(35) =-10 and v(50) = 0. By the Intermediate Value
Theorem, there must be atimet between 35 and 50 when v(t) = -5.

v(25) —v(0)
25-0
Value Theorem, there must be atime betweent =0 and t = 25 when V'(t) = a(t) = 0.

(d) Yes visdifferentiable (its derivativeisa(t) ), and =0. By the Mean

Notes:

1. You can leave the answer in this form — no need to simplify.
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AP Calculus Free-Response
Solutions and Notes

Question 1

See AB Question 1.

Question 2

_, dy_sec(e?) . T B
@ Att=1, —= ~ 2.781. Thetangent line equationis y=-3+2.781(x—2).
dx tan(e™)

2 2
(b) é(t)=(%,%j:> B 4(1) ~(-0.423 -0.152)."

Speed at t = 1is [v(t)| :\/secz(e’l)drtanz(e’l) B~1139.

2 2
(c) Total distancetraveled = LZ \/(%) +(%) B ~1.059."2

(d No. x(t):2+j:tan(e")dt — B x(0) ~1.224. Since O<e' <1fort>0,

%:tan(et)>0 fort>0 = x(t) isincreasing fort> 0

= X(t) > x(0) ~1.224 >0 fort> 0.

Notes:
1. No need to do symbolic differentiation — use your calculator.

2. Useyour calculator to evaluate the integral; don’t bother trying to antidifferentiate.

Question 3

See AB Question 3.

17
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Question 4

See AB Question 4.

Question 5
ldy

(@) =(6-2x) :>j IG 2x)dx = Inly|=6x-x’+C. y(4)=1=
y dx
0=24-16+C = C=-8 = |y|=e>*. Sincey>Oat theinitia point,
.I:(X) 6x x?-8

() limg(x)=3 and limg'(x)=0."

(c) Thegraph of g has a point of inflection at y=g , because %
X

a parabola, which reaches its maximum halfway between its zeroes,y=0andy = 3.

asafunctionof y, is

dy =2.§(3_§j52 _9
dx )3 2 2 2
Notes:

1. limg(x) isthe carrying capacity, and limg'(x) isO for any logistic curve.

2. You can stop here.
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Question 6

@ -3 +6xX -9 +...+(-1)"3n- X" +...

_ 2
(b) Thegiven seriesisthe Maclaurin seriesfor f'(x) at x:l. f'(x)= 3 >. The
2 (1+x°)
_3
series converges to f'(lJ: 42 :—E.
2 (gj 27
8
4 7 0 3n+1
(c) x—X—+X——i+...+(— )’ X .
4 7 10 3n+1

@ .[llzf(t)dtzi— 1 N 1 @1:435.
0 2 4.16 7-128 896

alternating with decreasing absol ute values of terms, and the n-th term approaches 0
as n—oo. By the alternating series error bound, the magnitude of the error does not
exceed the absolute value of the first omitted term, whichis

1 1 1

= < .
10-2"° 10-1024 10000

When x=%,theseri$in Part (c) is

] Notes:

1. Youcanleaveit like this— no need to calculate.




